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A 3D model for the evaluation of the non-linear behavior of masonry double curvature structures is pre-
sented. In the model, the heterogeneous assemblage of blocks is substituted with a macroscopically
equivalent homogeneous non-linear material. At the meso-scale, a curved running bond representative
element of volume (REV) constituted by a central block interconnected with its six neighbors is discret-
ized through of a few six-noded rigid wedge elements and rectangular interfaces. Non linearity is concen-
trated exclusively on joints reduced to interface, exhibiting a frictional behavior with limited tensile and
compressive strength with softening. The macroscopic homogenous masonry behavior is then evaluated
on the REV imposing separately increasing internal actions (in-plane membrane actions, meridian and
parallel bending, torsion and out-of-plane shear). This simpliﬁed approach allows to estimate heuristi-
cally the macroscopic stress–strain behavior of masonry at the meso-scale. The non-linear behavior so
obtained is then implemented at a structural level in a novel FE non-linear code, relying on an assemblage
of rigid inﬁnitely resistant six-noded wedge elements and non-linear interfaces, exhibiting deterioration
of the mechanical properties.
Several numerical examples are analyzed, consisting of two different typologies of masonry arches (a
parabolic vault and an arch in a so-called ‘‘skew’’ disposition), a ribbed cross vault, a hemispherical dome
and a cloister vault. To fully assess numerical results, additional non-linear FE analyses are presented. In
particular, a simpliﬁed model is proposed, which relies in performing at a structural level a preliminary
limit analysis – which allows to identify the failure mechanism – and subsequently in modeling masonry
through elastic elements and non-linear interfaces placed only in correspondence or near the failure
mechanism provided by limit analysis. Simulations performed through an equivalent macroscopic mate-
rial with orthotropic behavior and possible softening are also presented, along with existing experimental
evidences (where available), in order to have a full insight into the capabilities and limitations of the
approach proposed.
 2011 Elsevier Ltd. All rights reserved.1. Introduction ale, 1992), is the utilization of limit analysis, as envisaged for theThe load carrying capacity of masonry domes and vaults is
essentially connected to their shape, being such kind of structures
basically designed to withstand vertical dead and gravity loads
(Heyman, 1969, 1977) only. For this reason, masonry vaults are
usually highly vulnerable to seismic actions, as demonstrated in
the recent past by the collapses of many masonry churches during,
for instance, the Umbria and Marche (1997–1998) and L’Aquila
(2009) earthquakes.
As well known, the most traditional technique to provide reli-
able predictions on the load bearing capacity of masonry vaults,
taking into account the almost no resistance to tension (Di Pasqu-ll rights reserved.
: +39 022399 4220.
ni@ing.unife.it (G. Milani),ﬁrst time by Heyman (1969, 1977) and subsequently reasserted
for masonry plates by Sinha (1978). This approach allows to cir-
cumvent some typical drawbacks of standard FE non-linear simu-
lations at structural level, and is able to provide quickly upper and
lower bound estimations of collapse loads for masonry domes
(Oppenheim et al., 1989; O’Dwyer, 1999; Huerta, 2001; Block
et al., 2006; Drosopoulos et al., 2006; Lucchesi et al., 1997, 1999;
Roca et al., 2007; Milani et al., 2008, 2009a,b). However, a well-
known major drawback of such approaches is the inability to pro-
vide displacements occurring during the deformation process, an
important information required by some national codes of practice
(Italian NTC, 2008), where non-linear incremental analyses (push-
over) are suggested.
As a matter of fact, a comprehensive model for masonry double
curvature structures seems still missing. Ideally, to be fully predic-
tive, it should take into account a number of important structural
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external loads and prone to collapse, which are:
1. The low resistance to withstand tensile stresses, due to the
insufﬁcient capacity of mortar joints to behave elastically in
the tension range.
2. The orthotropy in both the elastic and inelastic range. Orthotro-
py is signiﬁcantly related to masonry texture, both for in- and
out-of-plane actions. For horizontal stretching and horizontal
bending, i.e. out-of-plane ﬂexion with rotation along a vertical
axis (Casolo, 1999; Mercatoris et al., 2009; Milani and Lourenço,
2010; Milani and Tralli, 2011), the masonry texture produces
perceivable effects that tend to become more evident with the
progressive degradation of the material. Mainly, the different
topology of the continuous horizontal mortar joints with
respect to the vertical joints, interrupted by the blocks, implies
that the shear response of the mortar tends to play a key role,
while it is substantially not inﬂuent in the vertical stretching
and bending. Obviously, heuristic models based on rigid ele-
ments connected by springs should take into account this
important phenomenological aspects. However, while the tun-
ing of a different stiffness and strength for horizontal and verti-
cal springs is always possible, their actual non-linear behavior
at the macro-scale may be deduced only through a ‘‘homogeni-
zation’’ approach (rigorous or heuristic, as is the case here
treated).
3. From past experience of post-earthquakes, it can be stated that
the collapse of a double curvature masonry dome subjected to
both vertical and horizontal loads is usually complex and
involves portions failing in bending combined with zones
reaching their ultimate resistance for in-plane actions.
4. The membrane state of stress, especially for domes, induced by
gravity loads, may be important in the deﬁnition of masonry
non-linear behavior in ﬂexion, in conjunction with masonry
texture.
Two families of approaches have been developed to describe
masonry behavior over the elastic limit – which usually is exceeded
at very low levels of external loads-, usually known in the technical
literature as macro-modeling and micro-modeling. The macro-
modeling approach does not make any distinction between ma-
sonry units (bricks, blocks, stones, etc.) and joints, averaging the
effect of mortar through the formulation of a ﬁctitious continuous
material. This approach has been widely used in the past, also with-
in a no-tension material hypothesis (Di Pasquale, 1992), because it
makes possible to employ the rough discretizations necessary for
actual large scale structures. Nevertheless, it seems difﬁcult to take
into account some distinctive aspects of masonry, such as anisot-
ropy in the inelastic range and the post-peak softening behavior.
With the aim of taking into account such aspects, some equivalent
macro-models have been presented in the past, e.g. Lourenço et al.
(1997) and Berto et al. (2002), featuring orthotropic elastic–plastic
behavior with softening. Nevertheless, mechanical properties re-
quired by the model are derived from experimental data ﬁtting,
meaning that new materials and/or the analysis of the same mate-
rial in different loading conditions should, at least in principle, re-
quire a different set of expensive experimental campaigns.
The alternative micro-modeling approach consists in represent-
ing separately mortar joints and units. To improve the computa-
tional efﬁciency, joints are usually reduced to interfaces (Lotﬁ
and Shing, 1994; Lourenço and Rots, 1997; Formica et al., 2002),
nevertheless, the need of modeling separately bricks and mortar
limits its applicability to small panels, precluding the analysis of
entire structures. At present, it is Authors opinion that, in common
engineering practice, the analysis of masonry structures in the
non-linear range still requires a macro-scale computationalapproach (Gambarotta and Lagomarsino, 1997; Luciano and Sacco,
1997; Pietruszczak and Ushaksarei, 2003; Brasile et al., 2010). A
numerical model to use at a structural level, indeed, should be
sufﬁciently simple, reliable and efﬁcient to allow the fast evalua-
tion of (a) collapse loads (b) displacements near collapse (c) post
peak behavior of the structures. Finally, when dealing with curved
masonry structures, the complex interaction between membrane
and ﬂexural actions should be accurately reproduced, but this issue
brings additional complexity to the structural analyses. In this
framework, reliable but sophisticated – from a practitioner point
of view-approaches based on non-linear multi scale computations
have been presented in the recent past, see e.g. Ibrahimbegovic
et al. (2005) and Colliat et al. (2002).
Homogenization consists in extracting a representative element
of volume (REV) which generates the whole structure by repeti-
tion, in solving a boundary value problem on the REV and in substi-
tuting the assemblage of bricks and mortar at a structural level
with a ﬁctitious orthotropic equivalent material, with mechanical
properties evaluated at a cell level. The homogenization theory
has a sound mathematical basis when dealing with elastic (Cecchi
and Sab, 2002), elasto-plastic or rigid-plastic (Suquet, 1983; Milani
et al., 2006) constitutive equations. However, in the present case it
can’t be utilized rigorously, due both to the impossibility of identi-
fying a cell which generates the double curvature structure by rep-
etition and to the fact that non-linear material properties with
softening are assumed. For this reason, simpliﬁed kinematic proce-
dures have to be attempted.
The most straightforward procedure to collect macroscopic data
at the meso-scale is the utilization of the FE method (Pegon and
Anthoine, 1997; Massart et al., 2004), to represent the non-linear
behavior of the homogenized material, assuming either elasto-
plastic or damaging constitutive laws for units and mortar. Never-
theless, such FE approach seems hardily applicable, requiring a
great computational effort to solve the ﬁeld problem for each load-
ing step in all Gauss points.
Alternatively, in this paper, a simple two-step model is used. In
the ﬁrst step, hereafter called meso-modeling, masonry is substi-
tuted with a macroscopic equivalent material through the applica-
tion of a simpliﬁed averaging procedure, in which a representative
element of volume (REV) constituted by a central brick intercon-
nected with its six neighbors through zero thickness joints is
meshed with six noded wedge elements and non-linear elasto-
plastic with softening interfaces (mortar joints and brick–brick
interfaces). The approach allows to estimate in an approximate
way masonry macroscopic non-linear behavior at different orien-
tations of internal actions with respect to material axes.
Within the rough discretization of the REV proposed, the six
noded wedge elements are assumed rigid inﬁnitely resistant,
whereas for joints a frictional behavior with limited tensile and
compressive strength exhibiting softening is adopted. In this
way, the whole linear and non-linear behavior of the REV may be
investigated in a simpliﬁed way, but with a very limited computa-
tion effort. On the other hand, it is worth noting that elastic defor-
mation of real masonry vaults is generally negligible and for this
reason, the utilization of rigid elements combined with elasto-plas-
tic with softening interfaces is expected to furnish quite reliable
results.
In the second step – macro-modeling – entire masonry shells
are analyzed in the non-linear range by means of a FE limit analysis
code speciﬁcally developed to conduct reliable and simple struc-
tural analyses of curved structures.
In analogy to the ﬁrst step, the FE model is based on a discret-
ization of the domain through six noded wedges rigid and inﬁ-
nitely resistant, see e.g. Milani et al. (2009a). Again, elastic and
inelastic deformations are allowed only at the interfaces between
adjoining elements. It is therefore required only the knowledge
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tations of the interfaces with respect to bed joint direction, i.e.
information provided by step I.
From a numerical point of view, the choice of using rigid blocks
with deformations lumped at interfaces in spite of standard FEs is
essentially inspired by the need of variables reduction, but also
reproduces the actual deformations pattern in the non linear ﬁeld
at least for masonry vaults with sufﬁciently regular texture, where
usually damage propagates on small fracture lines, zigzagging
along joints between adjacent bricks. This approach potentially al-
lows to perform numerical simulations on entire medium/large
scale structures at a fraction of the time required by standard
FEs. The utilization of discrete elements has a long tradition in
the mechanics of structures and basically goes back to the pioneer-
ing work proposed by Kawai (1978).
In order to circumvent some typical drawbacks of standard FEs
when dealing with softening materials, a sequential quadratic pro-
gramming approach is adopted. Deteriorating masonry stress–
strain curves for interfaces are approximated by means of a linear
piecewise-constant discontinuous function. At each load step, all
interfaces are assumed to behave as elastic-perfectly plastic and it
is therefore possible to solve the discretized non linear problem
through a standard non-linear or quadratic programming algorithm
(e.g. De Donato and Franchi, 1973; Kaliszky, 1996; Cocchetti and
Maier, 2003). At the end of each iteration, it is checked if some inter-
faces have reached a deformation (total strain) incompatible with
the strength assumed for that iteration, meaning that a degradation
of the ultimate stress of the interface has to be accounted. If this sit-
uation is encountered, interface strength is updated reducing its
ultimate resistance to the corresponding degraded value and exter-
nal loads are reduced until the corresponding QP problem reaches a
feasible solution. The new starting point is represented by the dis-
placement solution at the previous iteration. The algorithm has
been tested by the authors on several medium size double curva-
ture structures, showing robustness to converge to a solution.
To check the reliability of the model proposed, alternative
methods have been also considered. The ﬁrst one, hereafter labeled
as deteriorating simpliﬁed model (DSM), is non-commercial and
seems the most suited to be used in common design. It consists
into a preliminary homogenized limit analysis of the structure, as
recommended in Milani et al. (2006) and Milani et al. (2009b), in
order to identify the failure mechanism and in the subsequent FE
non linear analysis of the whole structure assuming that all the
non-linearity is concentrated on the interfaces deﬁning the failure
mechanism. The analysis is performed through a non-commercial
software developed by the authors and equipped with a standard
arc-length algorithm, suitable to follow the drop of the load bear-
ing capacity due to interfaces deterioration. The advantage in
terms of processing time is remarkable only if the number of
non-linear interfaces is small. That occurs always for out-of-plane
loaded panels (Sinha, 1978; Milani and Tralli, 2011), which fail sys-
tematically for the formation of well-deﬁned yield lines, whereas
for curved shells the convenience may be less evident in some
applications, especially when regions at diffused deterioration
are present (e.g. for membrane crushing).
The second alternative numerical results are obtained using a
computationally heavy approach, handled within the commercial
code DIANA (2008), based on traditional FEs and assuming an elas-
to-plastic damaging constitutive relationship for masonry. Finally,
where possible, experimental data available in the literature are
considered as reference solution. A detailed comparison among re-
sults provided by the model proposed, alternative DSM and com-
mercial approaches and experimental data allows to have a full
insight into the actual capabilities of the model proposed to predict
collapse loads and deformation capacity of masonry curved
structures.Here it is worth noting that some basic aspects of the numerical
formulation at a structural level here presented can be found in
Milani and Tralli (2011), where however the formulation was ded-
icated exclusively to thin plate elements. In particular rigid trian-
gular elements were used, with elastic and inelastic deformation
allowed on line interfaces for pure bending moment only. The
problem treated here is much more general, since a model consti-
tuted by rigid bodies interconnected by interfaces subjected to
bending, torsion, out-of-plane sliding and in-plane loads is pre-
sented. Even the ‘‘practical’’ implementation of the sequential qua-
dratic programming routine for the analysis of curved structures
requires an independent implementation.
The paper is organized as follows: in Section 2 the meso-
mechanical model proposed for step I is presented, whereas in Sec-
tion 3 the FE wedge elements employed for the non-linear analyses
of entire masonry panels are described.
In order to validate the numerical model, a number of different
structural examples are analyzed in Section 4, consisting of two ar-
ches tested by Vermeltfoort (2001), a masonry ribbed cross vault
by Faccio et al. (1999), a hemispherical dome and a cloister vault,
both tested by Foraboschi (2004) and Foraboschi (2006).2. Meso-mechanical FE model for curved masonry
representative elements of volume (REVs)
In this Section, a simple FE kinematicmeso-mechanical model to
estimate the macroscopic non-linear response of masonry curved
elementary cells is outlined. Within the hypothesis of non-linear
behavior of the constituent materials exhibiting softening, a dis-
placement based FE code implemented by the authors is adopted.2.1. Meso-scale: a simpliﬁed homogenization procedure
Homogenization has been extensively applied for the evalua-
tion of masonry macroscopic behavior of ﬂat panels (see, for in-
stance Pegon and Anthoine, 1997; Luciano and Sacco, 1997;
Massart et al., 2004; Milani et al., 2006). Indeed, periodicity of ﬂat
plates allows to consider an entire structureX as the repetition of a
suitable representative element of volume Y (REV or elementary
cell) – see Fig. 1. Y contains all the information necessary for
describing completely the macroscopic behavior ofX. In particular,
if a running bond pattern is considered, as shown in Fig. 1, it has
been shown that a rectangular elementary cell may be adopted.
However, when elasto-plastic materials with softening and
non-associated ﬂow rules are dealt with, the mathematical theory
of homogenization does not hold rigorously.
Furthermore, from a geometrical point of view, when a curved
masonry surfaceX, identiﬁed at a point P by the two principal cur-
vatures 1/qs and 1/qr, see Fig. 2, is considered, it is very straightfor-
ward to conclude that it is not always possible to rigorously
considerX as a regular repetition of the elementary volume Y, pre-
cluding once again in principle the utilization of homogenization in
the most general case.
All these issues considered, a heuristic – but technically suitable
– approach is to identify in any case a representative element of
volume, as in Fig. 1, which generates (if suitably scaled) the double
curvature shell by repetition. Obviously, such an approach should
require a variable dimension of bricks, passing from a row to the
neighbors, which is unrealistic in building practice but numerically
suitable. Despite the clear approximations introduced adopting
such a simpliﬁed approach, technically meaningful results may
be obtained and a fast approximate evaluation of masonry non-lin-
ear behavior along any direction may be obtained.
A masonry shell X constituted by a ﬁnite number of inﬁnitely
differentiable curved surfaces fi is considered in what follows. For
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Fig. 1. Comparison between classic homogenization and the approach here proposed, (a) rigorous elementary cell identiﬁcation in the ﬂat case, (b) heuristic identiﬁcation of
the elementary cell for a double curvature masonry shell, (c) ‘‘kinematic’’ and ‘‘static’’ procedure adopted at the meso-scale to evaluate masonry macroscopic behavior.
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tiﬁed, corresponding to two orthogonal directions disposed paral-
lel to the principal curvature planes of the vault at P, see Fig. 2.
Let the principal curvature radii along r and s be denoted with
qs(x) and qr(x) respectively. Internal actions acting at each point
P 2X are constituted by both in-plane (meridian, hoop and shear)
stresses and out-of-plane moments (meridian, parallel bending
and torsion) and shear.
Referring to the most general case, we deﬁne on Y the local
curved frame of reference y1  y2  y3, with y3 normal to the vault
middle surface, y1 and y2 parallel to r and s respectively (see Fig. 1).
The basic idea of the simpliﬁed homogenization procedure pro-
posed consists in introducing averaged quantities representing the
macroscopic membrane actions and strain tensors (respectively N
and E) for in-plane actions, the macroscopic bending moment and
curvature tensors for the out-of-plane problem (respectivelyM andv) and the out-of-plane sliding and shear (respectively C3 and T3)
deﬁned as:
E¼½Eij¼< e>¼ 1V
Z
V
eðuÞdV ði; j¼1;2Þ
N=t¼½Nij=t ¼<r>¼ 1V
Z
V
rdV ði; j¼1;2Þ
v¼½vij¼<@e=@y>¼
1
V
Z
V
@eðuÞ
@y
dV ði; j¼1;2Þ
M=t¼½Mij=t¼<ry3>¼
1
V
Z
V
ry3dV ði; j¼1;2Þ
C3¼<c3>¼< ½@u3=@y1þ@u1=@y3;@u3=@y2þ@u2=@y3>¼
1
V
Z
V
c3dV
T3=t¼<s3>¼< ½r13;r23>¼ 1V
Z
V
s3dV ð1Þ
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ness, u is the displacements vector (components ui), e and r stand
for the local quantities (strain and stress tensors with components
eij and rij respectively) and < ⁄ > is the average operator. It is worth
noting that, in this way, the behavior of a moderately thick shell
(Reissner–Mindlin hypotheses) may be also modeled.
Within the framework of rigorous homogenization, anti-period-
icity and periodicity conditions should be imposed respectively to
the stress ﬁeld r and the displacement ﬁeld u:
u ¼ eEy þ ~vy þ eCy þ uper uper on @Y
rn anti periodic on @Y
(
ð2Þ
where:
– uper stands for a periodic displacement ﬁeld;
– @Y is the cell internal boundary, Fig. 1;
– eE ¼ ½E O; OT 0  (O is a 2  1 zero vector);
– ~v ¼ b y3v O; ð1=2v½ y1 y2 TÞT 0 c;
– eC is a 3  3 matrix with all zeros except eC31 ¼ C3ð1Þ andeC32 ¼ C3ð2Þ.
However, here, in order to circumvent the constraints that make
the application of homogenization impossible for curved structures
(e.g. application of periodicity conditions), a simple compatible
model recently presented in, e.g., Milani et al. (2009a), within limit
analysis hypotheses is adopted, as schematically sketched in Fig. 2.
More in detail, a representative element of volume (REV) consti-
tuted by a central block interconnected with its six neighbors by
means of joints reduced to interfaces is considered. In this way, a
masonry running bond curved shell is regarded as an assemblage
of blocks interacting through mortar joints.
2.2. Heterogeneous model
In the heterogeneous model, the whole REV is meshed through
six-noded wedge elements interconnected by interfaces (internal
brick–brick interfaces and mortar joints, see Figs. 2 and 3). A dou-
ble layer of elements along the thickness is used. Despite this
choice is not strictly necessary for running bond masonry, a more
general approach is however preferred to potentially analyze any
pattern (including English and Flemish bond), where transversal
bricks may be present. Possible failures occurring parallel to theREV discretization with 6-noded 
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r
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Fig. 2. Two-step kinematic simplifying homogenization approach for the non-linear analy
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(REV), subsequent evaluation of the non-linear macroscopic behavior of the REV, impl
concentrated on interfaces).REV middle surface may also be investigated. Again such failures
are unlikely for running bond simple leaf masonry, but may be very
frequent for multi-leaf walls. The mesh used is therefore suitable
for more complex situations, which will be investigated by the
authors elsewhere.
When constituent materials behave non-linearly, a step by step
boundary values problem on the REV has to be solved, provided
that the actual non-linear behavior for mortar and bricks is embed-
ded into constitutive equations of the materials. As already pointed
out, we adopt a REV constituted by a central brick interconnected
with its six neighbors by zero thickness mortar joints, Fig. 2. It is
worth noting that the approach here proposed is somewhat differ-
ent to that proposed by Milani et al. (2008), which both assumes
the elementary cell depicted in Fig. 1(b) for computations at the
micro-scale and a rigid plastic behavior for the constituent materi-
als. Here, a simpliﬁed procedure is used in order to obtain an effec-
tive approach suitable to quickly estimate masonry macroscopic
behavior in case of curved structures.
A very coarse discretization of the REV is preferred to speed up
the meso-scale phase, handled by means of the FE method. Indeed,
to handle a problem with few DOFs provides a quick evaluation of
the incremental constitutive behavior of the interfaces in the non
linear range. The discretization is realized through 3D rigid inﬁ-
nitely resistant six-noded wedge elements, whereas mortar joints
are reduced to interfaces with frictional behavior and limited ten-
sile and compressive strength. In this way, all deformation (linear
and non-linear part) is concentrated exclusively at brick–brick
interfaces (modeled assuming a Mohr–Coulomb failure criterion)
and on mortar joints.
It is worth mentioning that the moderate curvatures of the sur-
faces considered and the small dimensions of the elementary cell
with respect to the whole structure justify the utilization of faceted
elements instead of curved wedges at a cell level.
Kinematic variables for each wedge element are represented by
three centroid velocities uEx ;u
E
y;u
E
z
 
and three rotations around
centroid G UEx ;U
E
y;U
E
z
 
, Fig. 3.
The C12 edge surface of a wedge element E, connecting
P1  P2  P4 and P5 nodes, results quadrilateral and the jump of dis-
placements on it is linear. In particular, displacement ﬁeld of a gen-
eric point P with global coordinates (xP,yP,zP), see Fig. 3, on C12
edge of element E is expressed in the global frame of reference as:wedges
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Fig. 3. Discretization of a REV into rigid wedge elements and non-linear interfaces (a). Rigid inﬁnitely resistant six-noded wedge element used for the REV discretization (b)
and C12 interface between contiguous elements (c). (d) Modiﬁed Mohr–Coulomb criterion for the mortar joint reduced to interface (left) and hardening/softening law in
compression (right) as a function of the inelastic parameter j3.
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where U(P) is P displacement, UGE is E centroid displacement and RE
is E rotation matrix.
From Eq. (3), jump of displacements on the interfaces between
two contiguous elements N and M can be evaluated in the global
coordinates system as:
½UðPÞ ¼ UGM  UGN þ RMðP  GMÞ  RNðP  GNÞ ð4Þ
where [U(P)] is the displacement jump between elements N and M
in correspondence of point P and all the other symbols have been
already introduced.
Having deﬁned a local frame of reference e1  e2  e3 for the
interface between N and M elements (vertices corresponding to
nodes P1, P2, P4 and P5, Fig. 3), we assume that it is characterized
by two axes laying on the interface plane and mutually orthogonal
and the third perpendicular to the interface. Thus, unitary vectors
e1  e2  e3 may be expressed in the global coordinate system as
follows:~e1 ¼ P4P1kP4P1k
e03 ¼ ~e1  e2 ) e3 ¼ e03=ke03k
e2 ¼ P2P1kP2P1k
e1 ¼ e2  e3
266664
377775 ð5Þ
Denoting with Re the rotation matrix with respect to the global
coordinate system corresponding to (5), jump of displacements
(4) may be written in the local system as follows:
½eUðPÞ ¼ Re½UðPÞ ð6Þ
where the superscript  indicates quantities evaluated in the local
system.
Once that the displacement jump in the local frame of reference
is known, it is possible to evaluate work dissipated on a generic
interface I (brick–brick interface or mortar) as follows:
p ¼
Z
I
½rMðPÞ  eUMðPÞ þ rNðPÞ  eUNðPÞdS
¼
Z
I
rMðPÞ  ½eUðPÞdS ð7Þ
where rMðPÞ ¼ ½r13ðPÞ r23ðPÞ r33ðPÞ T is the stress vector acting
at P on element M, see Fig. 3. Obviously, for element N, it turns out
that rN(P) = rM(P).
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In this Section, with the aim of substituting, for the structural
analyses, the heterogeneous material with an equivalent homoge-
nized continuum, the basic kinematics of an equivalent shell model
is discussed. The global frame of reference is identiﬁed by the vec-
tors x1, x2 and x3 as in Fig. 1(a) and (b) and the displacement ﬁeld of
a point P (coordinates xP1 x
P
2 x
P
3
 Þ belonging to the equivalent
continuous surface is given by ﬁelds w(x) (components w1, w2
and w3) and W(x) (components W1 and W2), representing respec-
tively the displacements and rotations of the shell in correspon-
dence of the point x ¼ xP1 xP2 0
 
on the middle surface of the
vault.
For in- and out-of-plane loads, membrane forces vector N (com-
ponents N11, N12 and N22), moments M (bending M11, M22 and tor-
sion M12) and out-of-plane shear T (components T13 and T23)
contribute to the internal work. In particular, the work dissipated
by an equivalent shell model is simply:
p ¼ ½N11 N12 N22 
E11
E12 þ E21
E22
264
375þ ½ T13 T23  c13c23
 
þ ½M11 M12 M22 
v11
v12 þ v21
v22
264
375 ¼ NTEþ TTcþMTv ð8Þ
where E is the in-plane strain vector, v the out-of-plane strain vec-
tor and c the out-of-plane shear strain.
2.4. The simpliﬁed homogenization procedure proposed
To substitute the heterogeneous material with the homoge-
neous equivalent shell model, a simple compatible identiﬁcation
is proposed (Milani et al., 2009a), where we assume that work ex-
pended by the blocks assemblage, Eq. (7), equates work (8) by the
equivalent model.
At this aim, ﬁelds w(x) and W(x) are a priori chosen as a com-
bination of elementary deformations in the unit cell, corresponding
to actual failure mechanisms occurring, according to experimental
evidences, in presence of running bond brickwork with weak joints
reduced to interfaces. From a practical point of view, ﬁelds w(x)
and W(x) corresponding to each sub-class of regular motions are
obtained assuming alternatively one component of vector E, c or
v unitary and setting all the other components equal to zero, sub-
sequently choosing the most simple polynomial expressions for
w(x) and W(x) which comply compatibility equations. Once that
ﬁelds w(x) and W(x) are known from the procedure described,
rotations and displacements of each element belonging to the
REV in the heterogeneous model are determined solving a bound-
ary value problem on the REV where displacements (or displace-
ment increments) on the boundary are imposed.
For instance, when only v11– 0 is applied on the REV, a choice
for w(x) and W(x) ﬁelds is:
W1 ¼ v11x1
w1 ¼ v11x1x3
w2 ¼ 0
w3 ¼ v11x21=2 ð9Þ
Eq. (9) allows to impose displacement boundary conditions in such
a way that the movement of each blocks in the discrete systems sat-
isﬁes (9). For instance, let us consider the external boundary area of
element E in Fig. 1(c). According to (9) W1 = v11L and
w ¼ ½v11Lx3 0 v11L2=2 
T . In principle, beingw a linear displace-
ment ﬁeld in x1  x2  x3, displacements must be applied at least on
three nodes of the surface: the standard kinematic hypothesis thattransversal sections remain plane in the deformed conﬁguration is
assumed.
The same situation holds for all the external boundaries of the
elements with at least one boundary surface. In Fig. 1(c), the dis-
placement ﬁeld u1 applied to a FE of the REV for v11– 0 is sche-
matically represented. Here it is worth noting that macroscopic
actions N,M and T are evaluated in post processing integrating no-
dal reactions. Finally it is important to underline that, within a
non-linear analysis of the REV, increments of the kinematic macro-
scopic descriptors eE; ~v; eC are applied. The major advantage of this
procedure relies in the possibility of using a displacement based
procedure in presence of softening materials to follow the soften-
ing branch.
However, when a kinematic constrain in the form v11– 0 is ap-
plied, it is generally found that also M22– 0. Furthermore, in the
non-linear range the ratio between M11 and M22 does not remain
constant when the corresponding curvature ratio is constant.
For this reason, a dual solution of the mechanical problem at the
meso-scale is also possible and used in this paper. It consists in
applying to the boundaries a system of forces which satisﬁes
anti-periodicity conditions and mimics directly membrane actions,
bending moments, torsion or out-of-plane shear. Boundaries are
assumed to deform in such a way that planar sections in the unde-
formed conﬁguration remain plane in the deformed one. From a
practical point of view, this constraint may be applied adding in
the FE discretization of the REV external rigid and inﬁnitely resis-
tant plates, as schematically depicted in Fig. 1(c). Authors experi-
enced very little differences between the static and kinematic
procedure.
Since elastic and inelastic deformations are concentrated exclu-
sively on interfaces (joints reduced to interfaces and brick–brick
interfaces) an equivalent elastic springs stiffness is applied to each
interface, as described in the following section.
2.5. Non linear behavior of the interfaces at a meso-level
To properly describe the approach proposed, it is necessary to
distinguish between the meso-scale and the macro-scale level.
When dealing with the meso-scale level, a heterogeneous ap-
proach is utilized, where joints behave basically as Lourenço and
Rots (1997) interfaces. Their behavior is essentially elasto-plastic
and bi-dimensional, exhibiting softening. Such an interface is sim-
ilar to that proposed by, e.g. Gambarotta and Lagomarsino (1997)
or Formica et al. (2002), the mortar joint featuring a cohesive-fric-
tional behavior in shear with limited strength in tension. Here
however a limited compressive strength with a hardening–soften-
ing law is assumed and the model is elasto-plastic, a characteristic
which of course precludes its applicability in dynamics. Similar re-
sults are also found for the mortar joints in shear at increased level
of compressive normal force.
The macro-scale behavior is obviously different because of the
utilization of homogenization concepts to derive the macroscopic
stress–strain relationship of the interfaces.
We denote with Eb and Em the elastic moduli of bricks and mor-
tar respectively and we consider a masonry pillar constituted by
two half bricks (height: H/2) and a central mortar joint (thickness:
eh). It has been shown by Lourenço and Rots (1997) that, by making
the deformation of the actual pillar equal to a simpliﬁed one con-
stituted by elastic bricks (height: H/2 + eh/2) and a joint reduced to
interface, the stiffness kn of the interface is equal to
EbEm
ehðEbEmÞ. The
same consideration may be repeated for the shear stiffness kt, i.e.
kt ¼ GbGmehðGbGmÞ having deﬁned Gb and Gm as brick and mortar shear
moduli.
Brick–brick interfaces connect rigid elements having the same
material properties. An elastic-perfectly plastic material is
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posed that the common edge C12 is subdivided into rectangular
small elements of area AeC12 . Following Kawai (1978), at each area
AeC12 pertains an axial spring with stiffness kn and 2 mutually
orthogonal shear springs kt1 and kt2. From Kawai (1978) and with
reference to Fig. 3, their stiffness may be evaluated as
kn ¼ Eb1m2
b
t ðHMþHN ÞL452AeC12
and kti ¼ Gbt ðHMþHN ÞL452AeC12 , where mb is the Poisson’s
ratio, HM and HN are heights of triangles P4P5PM and P4P5PN with re-
spect to L45 and all the other symbols have been already
introduced.
At the meso-scale a standard FE code equipped with arc-length
routines is utilized. Ten subdivisions along interface thickness and
length are used, with a total of 100 axial spring and 200 shear
springs per interfaces. Elastic stiffness of the interface is evaluated
at the ﬁrst iteration and maintained constant during all the simu-
lations. In practice, plasticization of brick–brick interfaces is never
experienced for the problem at hand, being brick strength in both
shear and tension around one order of magnitude greater than that
of the joint.
For a mortar interface, the elastic domain is, in the most general
case, bounded by a composite yield surface that includes tension,
shear and compression failure with softening (see Fig. 3(d)). A mul-
ti-surface plasticity model is adopted, with softening in both ten-
sion and compression.
For multi-surface plasticity the form of the elastic domain is de-
ﬁned by each ith yield function fi 6 0. Loading/unloading can be
conveniently established in a standard Kuhn–Tucker form by
means of the conditions _ki P 0; fi 6 0 and _kifi ¼ 0, where _ki is the
plastic strain rate associated with the ith yield surface. Let us con-
sider a planar mortar interface and a point on the interface where a
normal stress r and two mutually perpendicular shear stresses s1
and s2 act.
The ith yield functions are of the form fi(r,s1,s2,ji) =
Ui(r,s1,s2) +Wi(ji), where scalar ji rules the amount of softening
of the ith yield surface and Ui and Wi are generic functions repre-
senting respectively the initial ith yield surface and the correction
which accounts for the evolution of the strength during the inelas-
tic deformation process.
The usual elasto-plastic equations for single surface plasticity
hold; assuming the hypothesis of small deformations, the total
strain rate _e is decomposed into an elastic component _eel and a
plastic component _epl. The elastic strain rate is related to the stress
rate by the elastic constitutive matrix D ¼ diagf kn kt kt g as:
_r ¼ D _eel ð10Þ
whereas the non-associated plasticity assumption allows to link _epl
with _ki as:
_epl ¼ ki @gi
@r
ð11Þ
where gi is the plastic potential corresponding to the ith yield sur-
face (which rules the direction of _epl in the stress space) and
r ¼ ½r s1 s2 T . In classic non-associated plasticity gi may not
coincide with fi.
For any corner of the proposed model two yield surfaces are ac-
tive and the previous equations must be suitably stated for multi-
surface plasticity. Details can be found in, e.g. Lourenço and Rots
(1997).
In order to model the failure of the joint, a classical Mohr–Cou-
lomb type strength criterion is used with a tension cut-off and a
linear compression cap, Fig. 3(d). The parameters ft and fc are,
respectively, the tensile and compressive Mode-I strength of the
mortar or mortar–brick interfaces, c is the cohesion, U is the fric-
tion angle, andW is the angle which deﬁnes the linear compression
cap.For the tension mode, exponential softening on the tensile
strength is assumed according to the mode I experiments con-
ducted by many authors. The yield function reads:
f1ðr;j1Þ ¼ r ftðj1Þ ð12Þ
where the yield value ft(j1) deteriorates in agreement with the fol-
lowing formula:
ftðj1Þ ¼ ft0e
ft0
GI
f
j1
ð13Þ
where ft0 is the initial joint tensile strength and G
I
f is the mode I
fracture energy. An associated ﬂow rule is assumed here.
When dealing with the shear mode, a Mohr–Coulomb yield
function is adopted:
f2ðr;j2Þ ¼ jsj þ r tan/ðj2Þ  cðj2Þ ð14Þ
where jsj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s21 þ s22
q
and the yield values c and tan/ are ruled by
the following formulas:
cðj2Þ ¼ c0e
c0
GII
f
j2
tan/ ¼ tan/0 þ ðtan/r  tan/0Þðc0  cÞ=c0
ð15Þ
being c0 and tan/0 the initial cohesion and friction angle, G
II
f is the
mode II fracture energy and tan/r is the residual friction angle,
hereafter kept always equal to 75% of the initial one. A non-associ-
ated ﬂow rule is assumed here, with g2 = jsj.
When dealing with the linearized compressive cap, a three
function model as the one proposed by Lourenço and Rots (1997)
is utilized. The typical hardening/softening behavior of the law
adopted is shown in Fig. 3(d), where the subscripts e, m, p and r
of the yield value fc denote respectively, the elastic limit, medium,
peak and residual values. The peak value fcp equals the masonry
compressive strength fc of the interface. Stress within the harden-
ing/softening evolution is evaluated by means of the following
formulas:
rIðj3Þ ¼ fce þ ðfcp  fceÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
j3
jp
 j3
jp
	 
2s
rIIðj3Þ ¼ fcp þ ðfcm  fcpÞ j3  jpjm  jp
	 
2
rIIIðj3Þ ¼ fcr þ ðfcm  fcrÞ exp 2 fcm  fcpjm  jp
j3  jp
fcm  fcr
	 
 ð16Þ
Physically, rI(j3) describes the hardening phase followed by the ini-
tial softening branch, rIII(j3) the exponential softening, whereas
rII(j3) links I and II functions.
The proposed hardening/softening law leads to a C1 continuous
r  e relationship and it has been shown (Lourenço and Rots, 1997)
to be in agreement with experimental masonry behavior in com-
pression. The energy under the curve cannot be directly related
to the compressive fracture energy Gc because an energy-based ap-
proach requires that the energy under the r3  j3 diagram is ﬁnite,
i.e. the residual compressive strength vanishes.
2.6. Numerical simulations at a cell level
This section provides an insight into the inelastic behavior of
masonry curved REVs, provided by the non-linear meso-scale kine-
matic model proposed in the paper. This is a relevant issue, be-
cause any model at the meso-scale (simpliﬁed homogenization)
should be capable of reproducing the typical response exhibited
by brickwork under increasing loads, as for instance the anisotropy
induced by bricks staggering, the softening behavior in tension at
low levels of the external loads, the hardening–softening response
in compression, etc.
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the dome tested in Foraboschi (2004) and studied in the sequel, see
Fig. 4(a). The discretization adopted is also sketched. For the simu-
lation of the response of the REV under positive membrane stretch-
ing, two different values of fracture energy GI are assumed, see
Table 1, the ﬁrst very small (Case A), the second more realistic
and 6.5 times greater than the previous (Case B).
The behavior in membrane uniaxial tension is depicted in Fig. 5,
for both meridian (22-axis) and parallel (11-axis) stresses. The
anisotropy of the homogenized model is always evident and is
obviously due to the contribution, for the resultant average stress
acting on parallels, of the bed joint, which fails in shear (REV de-
formed shape is represented in Fig. 6(a) for the sake of complete-
ness). Out-of-the tangent plane motion, due to the rotation of the
rigid blocks is also signiﬁcant. The out-of-plane movement of the11-axis
22-axis
0.5 m
1.25 m
Fig. 4. Masonry dome (a) and parabolic arch (b). REVblocks tends also to slightly reduce the peak strength for pure
meridian stretching, which, for the ﬂat case, turns out to be equal
to joints tensile strength. The anisotropy is less evident in com-
pression, due to the small shear strength of the joint when com-
pared to compression resistance. Hence, little differences are
expected when comparing the horizontal and vertical compres-
sion. For this reason, in Fig. 7 only the behavior of the cell in verti-
cal compression is represented for the sake of conciseness, along
with 4 approximations (of increasing accuracy) obtained with lin-
ear piecewise constant functions. Such approximations of the ac-
tual non-linear behavior of the REV will be used at a structural
level to perform non-linear analyses on entire shells.
Here it is worth noting that the reproduction of masonry com-
pressive behavior with concentrated non linearity still remains a
very tricky issue. As a matter of fact, masonry compression2.2 m
a 
5 kN
λP 5 kN
5 kN
3 m
11-axis
22-axis
b 
adopted for the simulations and FE discretization.
Table 1
Ribbed cross vault, hemispherical dome and cloister vault experimental data. Mechanical properties adopted for mortar joints reduced to interfaces and bricks.
Joint Brick–brick interface
E 800 2500 [MPa] Young Modulus
G E/2 E/2 [MPa] Shear Modulus
c 1.0ft 2 [MPa] Cohesion
ft 0.05 – [MPa] Tensile strength
fce 1/3fcp – [MPa] Compressive hardening/softening behavior
fcp 2.0 – [MPa]
fcm 1/2fcp – [MPa]
fcr 1/7fcp – [MPa]
jp/eh 0.009 – [–]
jm/eh 0.049 – [–]
U 37 45 [] Friction angle
Y 45 – [] Angle of the linearized compressive cap
GIf 0.001 (Case A) 10 [N/mm] Mode I fracture energy
0.0065 (Case B)
GIIf 0.0050 10 [N/mm] Mode II fracture energy
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Fig. 5. Uniaxial response of masonry along horizontal and vertical tension for two
values of fracture energy.
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mental evidences show that bricks exhibit vertical cracks, meaning
that, near collapse, pillars are subjected to a complex 3D stress
state. Obviously, the model here proposed (concentration of non-
linearity on interfaces and 2D hypothesis) is not predictive in com-
pression and does not allow to estimate brickwork non-linear re-
sponse only from constituent materials mechanical properties.
However, as suggested for instance in Lourenço and Rots
(1997), the typical hardening–softening behavior of masonry may
be captured quite well (as illustrated in Fig. 7) if ad hoc mechanical
properties are assumed for joints, derived ﬁtting experimental data
referred to masonry pillars. Marked anisotropy (typical for instance
of hollow brickwork) may be also reproduced, assuming different
mechanical properties for vertical and horizontal joints. This
assumption is also in agreement with building practice, since exe-
cution quality of vertical joints is usually poor.
Out-of-plane behavior of a curved REV generating by repetition
the parabolic arch of Fig. 4(b), studied at a structural level in the
following Section, is represented in Fig. 8. Mechanical properties
assumed for the simulations are summarized in Table 2. In partic-
ular, Fig. 8(a) and (b) show respectively the parallel and meridian
curvature-bending moment diagrams computed by considering
increasing values of the membrane meridian compression load
N22 (see also Fig. 4(b) for local axes schematization). N22 has been
varied in a wide range from zero to a value near the compressivestrength of the joint. While large values of vertical membrane com-
pression are unrealistic in existing masonry structures, they are
here investigated only with the aim of showing that masonry ﬂex-
ural peak strength decreases when the wall is subjected to severe
membrane stresses.
For the sake of completeness, in Fig. 8(c) the torsional behavior
of the homogenized material is also represented under increasing
membrane vertical compression loads.
Considering the ﬂexural response, the following aspects are
worth noting:
 the larger resistance of masonry when loaded along a meridian
hinge in absence of vertical compression, which is typically due
to the contribution of the bed joint subjected to tangential
actions;
 the anisotropic character of the softening exhibited by the
model after the peak strength, again a consequence of the role
played by the bed joints;
 the stability of the algorithm, also in the post peak regime,
essentially due to the very limited number of variables needed
by the numerical model.
Deformed shapes obtained at the end of the simulations for a
meridian hinge bending moment and for torsion (in absence of
meridian pre-compression) are ﬁnally reported in Fig. 6(b) and
(c) for the sake of completeness.
3. Macro-scale (structural level): a simple sequential quadratic
programming – SQP – approach
Under some general hypotheses holding for materials exhibit-
ing an elasto-plastic behavior, as for instance that the plasticity
condition is piecewise-linearized with r linearly elastic–plastic
interacting planes in the space of superimposed stress and strain
components, that the unloading of yielded stress-points does not
occur and the continuum is discretized into ﬁnite elements, it
has been shown in classic papers, e.g. De Donato and Franchi
(1973), that the solution of an elasto-plastic problem can be
achieved solving the following equivalent quadratic program-
ming:
max  12 ðkEÞTHEkE þ ðkEÞTðNEÞTDEeE
n
subject to : kE P 0
eEt ¼ eE þ eEpl
rE ¼ DEeEpl
8>>><>>>:
ð17Þ
Fig. 6. Hemispherical dome and parabolic arch. Typical REV deformed shapes at peak for (a) N11 membrane action, (b) pure M11 bending moment and (c) pure M12 torsion.
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Fig. 7. Uniaxial response of masonry in meridian compression (with the linear
piece-wise constant approximation used at a structural level).
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1. DE is the assembled elastic stiffness matrix;
2. eEðeEplÞ is the assembled elastic (plastic) part of the total strain
vector eEt ;
3. NE is the shape functions matrix of the used ﬁnite element;
4. kE is the plastic multiplier vector;
5. HE is the hardening matrix;
6. rE the assembled stress vector.
As already discussed, the ﬁnite element model utilized next to
analyze in the non-linear range masonry vaults relies into a dis-
cretization through six noded wedge elements, assumed rigid inﬁ-
nitely resistant, and quadrilateral interfaces where all deformation
occurs (linear and non-linear).
Each interface connects rigid elements representing the same
homogenized materials. For each interface, three displacement
and two rotational non linear springs are utilized, as schematically
shown in Fig. 9. The third rotational spring, acting along an axis
normal to the surface, is assumed rigid and inﬁnitely resistant.
To properly take into account some distinctive aspects of masonry
behavior in ﬂexion (dependence of the ﬂexural behavior by
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Fig. 8. Flexural behavior of the REV, parabolic arch. Bending moment–curvature
diagrams at increasing arch compressive load (fc = fcp). (a) Bending moment with
hinge parallel to arch axis. (b) Bending moment with hinge perpendicular to arch
axis. (c) Ttorsion.
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optimization variables involved in the QP scheme, the procedure
envisaged in Fig. 9 is adopted for each interface.
Focusing for the sake of brevity exclusively on bending moment
acting on an interface k (a similar procedure is adopted to handle
torsion), at an iteration (i) of the loading process, bending rotation
Uði1Þn and normal displacement of the interface centroid d
ði1Þ
n of the
previous iteration (i  1) are known. It is therefore immediately
known the displacement ﬁeld dn(yt2) along the interface thickness
(abscissa yt2). For each interface, depending on its orientation withrespect to blocks disposition, the homogenized stress–strain
behavior is known from the meso-scale. At each assumed strain
en, an interface displacement at the macro-scale is univocally asso-
ciated simply applying what stated in Kawai (1978). In particular,
given en, the corresponding displacement in the discrete model on
the interface k between elements M and N is dn = 1/2(HM + HN)en,
where all symbols have been already introduced, see Fig. 3(c).
For the interface k the homogenized stress-displacement rela-
tionship is therefore known for each point of the interface. By inte-
gration with a reasonable subdivision along the thickness into
layers (authors experienced that the utilization of 10 layers repre-
sents a good compromise between numerical efﬁciency and accu-
racy) the compression load N(i  1) on the interface at the (i  1)th
iteration is known. At a ﬁxed value of membrane normal force, the
non-linear relationship moment–curvature is known again from
the meso-scale, along with its linear stepwise constant approxima-
tion (necessary to use the sequential quadratic programming
scheme discussed in the sequel). Again the passage between curva-
tures and rotations, necessary when a discrete representation at a
structural level is adopted, is trivial and again due to Kawai (1978).
In this way, bending moment and torsion may be evaluated step
by step during the deformation process simply by integration.
A database of moment–curvature diagrams at different levels of
normal stresses is always at disposal from meso-scale computa-
tions before any structural non-linear simulation. When normal
membrane force is within the range inspected but does not match
exactly values investigated, a linear interpolation law for the dia-
grams is used. In order to utilize sequentially the QP approach
(17) an approximation of the non-linear behavior through a linear
piecewise constant function is used.
Following this procedure, the resultant mechanical model is
thus composed by 5 elasto-plastic springs, Fig. 9. Within each iter-
ation, an elastic-perfectly plastic approximation for each spring is
utilized, meaning that 10 plastic multipliers (two for each spring,
k+ and k, corresponding to positive or negative kinematic vari-
ables) for each interface are needed. In this way, optimization vari-
ables entering into the QP problem are relatively small (10 plastic
multipliers for each interface, 3 displacements and 3 rotations for
each element). Generally the QP problems handled did not exceed
10000 variables, making an active set method competitive with
interior-point algorithms.
Since each interface is modeled through elasto-plastic uni-
dimensional springs independent one each other, it can be stated
that HE in Eq. (17) turns out to be diagonal.
Within the FE model adopted, see also Eqs. (6) and (7), problem
(17) may be re-written for the problem at hand (rigid elements
with elastic–plastic interfaces) as follows:
min 12 ðkþ  kÞTKepðkþ  kÞ þ UTelKelUel
h i
 FTUel
n
subject to : kþ P 0 k P 0
(
ð18Þ
Assuming that the structural model has nin interfaces and nel ele-
ments, symbols in Eq. (18) have the following meaning:
1. Kel is a 6nel  6nel assembled matrix, collecting elastic stiffness
of each interface. Local elastic stiffness matrix of each interface
is obviously diagonal, whereas the global stiffness matrix Kel is
generally not diagonal. It is worth remembering that elastic
stiffness values are evaluated at the meso-scale, as discussed
in the previous section.
2. k+ and k are two 10nin vectors of plastic multipliers, collecting
plastic multipliers of each non linear spring (e.g. ﬂexion, shear,
etc.).
3. Kep is a 10nin  10nin assembled matrix built from diagonal
matrices of hardening moduli of the interfaces. Differently to
the assembled elastic stiffness matrix, the global matrix of
Table 2
Parabolic and skew arch experimental data. Mechanical properties adopted for mortar joints reduced to interfaces and bricks.
Joint Brick–brick interface
E 1200 5000 [MPa] Young Modulus
G 800 E/2 [MPa] Shear Modulus
c 1.0ft 2 [MPa] Cohesion
ft 0.32 – [MPa] Tensile strength
fce 1/3fcp – [MPa] Compressive hardening/softening behavior
fcp 2.6 – [MPa]
fcm 1/2fcp – [MPa]
fcr 1/7fcp – [MPa]
jp/eh 0.009 – [–]
jm/eh 0.049 – [–]
U 37 45 [] Friction angle
Y 45 – [] Angle of the linearized compressive cap
GIf 0.010 10 [N/mm] Mode I fracture energy
GIIf 0.0050 10 [N/mm] Mode II fracture energy
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Fig. 9. Evaluation of the non linear load–displacement (or moment-rotation) behavior of the interfaces at each load step.
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QP, the existence and uniqueness of the solution is assured if
Kep is a P-matrix (square matrix with every principal minor > 0,
Cottle et al., 1992). If Kep is a P0-matrix (closure of P), non
uniqueness (in terms of displacements, Haar–Karman principle)
and non existence (if the load is greater that the carrying capac-
ity) of the solution can occur.
To circumvent this issue, a small but nonzero hardening has to
be introduced in order to avoid lack of convergence of the QP
algorithm. Within a multistage loading approach, i.e. where
the external load is incremented step by step, it may however
occur that there is again lack of convergence of the QP algo-
rithm, especially near the formation of a failure mechanism. A
bisectional approach of the load increment is therefore utilized
to avoid lack of convergence.
4. Uel is a 6nel vector collecting the displacements and rotations of
the elements.
5. F is a 6nel vector of external loads (forces and moments) applied
on element centroids.
Typically, the independent variable vector is represented by ele-
ment displacements Uel and plastic multiplier vectors k+ and k.
As usually done in a non-linear structural analysis, QP problem
(18) is solved in terms of displacement and plastic multipliers step
increments. The initial trust independent variable vector is always
represented by the solution at the previous step.
Finally it is worth noting that the format of (18) essentially re-
fers to a standard associated plasticity problem, compatible with
the frozen-deterioration modeling implemented within the itera-
tive strategy proposed. While this assumption could at a ﬁrst
glance appear to be incompatible with the assumption of anon-associated ﬂow-rule for mortar, it should be noted that, since
at structural level interfaces are modeled through displacement
and rotational springs, an uniaxial behavior holds and the ﬂow rule
is associated by deﬁnition.
For the QP problem at hand, a C++ implementation of the classic
dual active-set algorithm by Goldfarb and Idnani (1983), with a
generalization for the positive semi-deﬁnite case by Boland
(1996) has been used, exhibiting promising stability, efﬁciency
and robustness during all the simulations performed.
Historically, active-set methods for quadratic programming
were developed ﬁrst. These methods were based on extending
the simplex algorithm for linear programming. While interior-
point methods are generally preferable because can provably solve
quadratic programs in weakly polynomial time, active-set methods
in practice have proved to be very efﬁcient for medium scale prob-
lems (as the present ones) and the number of iterations required is
typically a small (around 3–5, see Wright, 1997) polynomial func-
tion of the dimension.
In the framework of the two-step approach proposed, the non-
linear behavior of the springs is approximated using a linear-dis-
continuous piecewise constant function, as depicted in Figs. 7
and 10, where the stress–strain behaviors in compression and ten-
sion of the masonry material of Table 1 are represented respec-
tively. Four approximations of increasing accuracy, obtained
reﬁning the number of steps utilized, are depicted. The drop of
the load bearing capacity of the interfaces at increasing deforma-
tion is considered at a structural level. The possible strength dete-
rioration of the material results in descending branches in the
global load displacement curve of the structure. Essentially, to esti-
mate the global load displacement curve of a shell, the following
numerical procedure is used:
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is assumed, which depends on both the orientation of the inter-
faces (related to masonry anisotropy) and the level of deforma-
tion, i.e. jump of displacements of the interfaces. External loads
are applied through small increments. The QP formulation (18)
is used to estimate (i) rigid elements displacements and rota-
tions and (ii) plastic multiplier vector k+ and k corresponding
to the external load level considered.
2. At the very beginning, the structural response is all elastic, k+
and k are identically equal to zero. Increasing the external load
results in plasticization of one (or more) interfaces. A further
increase of the external load vector is still possible, because of
the possible contribution in stiffness and strength of the non-
plasticized interfaces. We assume that at the (i  1)th load step
the response of the structure on the pushover curve is repre-
sented by point A of Fig. 11.
3. Step i. At the ith load step, QP formulation (18) allows to esti-
mate displacements Uel and plastic multiplier vectors corre-
sponding to point B. However, differently to previous steps,
we assume that at least one plasticized interface (say k) reaches
a strain value greater than eB0 , see Fig. 11, which bounds the
drop of the strength of the interface k from NI to NII. We further
assume, for the sake of simplicity but without loss of generality,
that only k exhibits this load bearing capacity drop. In this case,
the solution found at the ith load step is inadmissible and does
not represent the true response of the structure. Displacements
Uel and plastic multipliers corresponding to point B’ must be
found. With this target in mind, a SQP approach is used, which
is based on a bisectional procedure having, at the ﬁrst sub iter-
ation, as right and left extremes point A and B of the pushover
curve. Here it is worth remembering that sequential methods of
optimization have a wide tradition in structural engineering
problems, see e.g. Cocchetti and Maier (2003), despite the fact
that a multiplicity of solutions may in principle exist for non-
convex problems (Kaliszky, 1996; Denton and Morley, 2000).
Here, an engineering meaningful algorithm is proposed, which
seems to converge realistically in the degradation range of the
global force–displacement curve. At the ﬁrst sub-iteration, Uel,
k+ and k vectors corresponding to point P0 standing in the mid-
dle of A and B are found solving QP problem (18) and assuming
as starting point the solution available in A. Deﬁned as DF the
external load vector increase passing from A to B, P0 is the point
representing the structural response of the structure corre-
sponding to external load vector equal to FA + DF/2, being FA
the external load vector corresponding to A. Since Uel, k+ and
k are at disposal for P0 solving (18), it is possible to establishif the strain of interface k in P0 ekP0
 
exceeds eB0 . If ekP0 > eB0
the search interval is bisected with extremes P0 (left extreme)
and B (right extreme), otherwise with A (left) and P0 (right).Uel,
k+ and k are again evaluated in correspondence of the new
middle point P1 through QP (18). The procedure is iterated at
the performer’s discretion until ekPj  eB0
  <TOL, with TOL ﬁxed
tolerance. Here, it is worth underlining that the SQP procedure
proposed is effective for small/medium scale QP problems and
for approximations of non-linear springs diagrams with few
(around 10–30) steps. However, this limitation seems accept-
able for the analysis of entire masonry shells in combination
with an averaging strategy (as the case here treated), which
allows to limit considerably the computational effort.
4. Step (i + 1): it consists in evaluating Uel, k+ and k in point C
solving (18) and assuming as starting point B’. Firstly, the
strength of the interface under consideration is decreased to C
value. Then the QP problem is solved decreasing the external
load until convergence of the algorithm is reached. Obviously,
the matter within this step is the determination of the external
load vector FB0  DFC to be applied to the structure. The choice is
not unique but, to guarantee convergence of the algorithm,
authors experienced that DFC may be found repeating some j
sub-iterations assuming DFC ¼ jDeFC where DeFC is small enough
(around 1/5–1/20 FB0 Þ. Again a bisectional approach between
the un-converged and converged solution is utilized to bound
closely C point, as done in step i, once a trial value with QP con-
verged solution is found for DFC.
3 m
0.5 m
5 kN
λP 5 kN
5 kN
3 m
1.25 m
Line Load
Fig. 12. Parabolic arch. Geometry, loading condition and FE discretization adopted for the numerical analyses. Non-linear interfaces considered in the DSM model are also
indicated.
Table 3
DIANA homogeneous orthotropic model. Mechanical properties adopted for the simulations.
Example type⁄ Parabolic arches Ribbed cross vault Hemi-spherical dome Cloister vault
Young Modulus along 11 direction (E11) 5500 MPa 1700 MPa 1700 MPa 1700 MPa
Young Modulus along 22 direction (E22) 3600 MPa 1700 MPa 1700 MPa 1700 MPa
Poisson Modulus (m12) 0.1762 0.15 0.15 0.15
Shear Modulus (G12) 1400 MPa E/2 E/2 E/2
Mass Density (cm) 1.8 e9 Ns2/mm 2e9 Ns2/mm 2e9 Ns2/mm 2e9 Ns2/mm
Tensile Strength along 11 direction (ft11) 0.62 MPa 0.07 MPa 0.07 MPa 0.07 MPa
Tensile strength along 22 direction (ft22) 0.32 MPa 0.07 MPa 0.07 MPa 0.07 MPa
Compressive strength along 11 direction (fc11) 2.4 MPa 2.3 MPa 1.8 MPa 2.2 MPa
Compressive strength along 22 direction (fc22) 3.0 MPa 2.7 MPa 2.0 MPa 2.6 MPa
Fracture energy in tension along 11 direction (Gf11) 2.0E2 Nmm/mm2 0.0001 Nmm/mm2 0.0001 Nmm/mm2 0.0001 Nmm/mm2
Fracture energy in tension along 22 direction (Gf22) 2.0E2 Nmm/mm2 0.00065 Nmm/mm2 0.00065 Nmm/mm2 0.00065 Nmm/mm2
Fracture energy in compression along 11 direction (Gfc11) 10 Nmm/mm2 5 Nmm/mm2 5 Nmm/mm2 5 Nmm/mm2
Fracture energy in compression along 22 direction (Gfc22) 5 Nmm/mm2 2 Nmm/mm2 2 Nmm/mm2 2 Nmm/mm2
Factor that determines the shear stress contribution
to the tensile Failure a ¼ ftx ftys2u
  (a) 1.16 1.18 1.09 1.7
factor which couples the normal compressive
stresses⁄⁄
(b) 1.20 1.12 1.11 1.18
Factor which controls shear stress contribution to
compressive failure
(c) 2.4 3 3 3
Factor that speciﬁes the equivalent plastic strain
corresponding to the peak compressive stress.
(kp) 8.0E4 6.0E4 6.0E4 6.0E4
⁄ 11 direction coincides with x material axis (horizontal direction).
⁄⁄ Parameter b was calculated ﬁtting data obtained from the simpliﬁed homogenization procedure.
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is generally quite efﬁcient but may become particularly tedious
in presence of models with many interfaces and/or when the linear
piecewise constant approximation assumed for the interface
springs is very reﬁned. This is obviously an intrinsic limitation of
the procedure proposed and cannot be eliminated.Fig. 14. Parabolic arch. Deformed shapes at peak provided by the proposed non-
linear code.4. Structural examples
In this section, ﬁve structural examples relying on different ma-
sonry curved structures loaded up to collapse are analyzed. Load–
displacement diagrams obtained with the model proposed are
compared, where possible, with experimental data available from
the technical literature.
The ﬁrst and second structural examples rely on a parabolic and
a parabolic skew arch, both tested by Vermeltfoort (2001). The
third example is a ribbed cross vault experimentally tested by Fac-
cio et al. (1999), the fourth is a hemispherical dome (some numer-
ical and experimental data are available in Creazza et al., 2000,
2002 and Foraboschi, 2004, 2006), whereas the last example is
cloister vault with square plan (data from Foraboschi, 2006).
For all the cases analyzed, the two-step non-linear approach
proposed has been used to predict the whole load–displacement
curve exhibited by the structure, with particular emphasis on the
peak load carrying capacity and deformation at failure. Where
available, constituent materials – experimentally determined –
mechanical properties (see Vermeltfoort, 2001; Faccio et al.,
1999; Creazza et al., 2000, 2002; Foraboschi, 2004, 2006) have
been adopted in the model. In absence of speciﬁc data available,
reasonable literature data have been assumed.
Finally, load–displacement curves provided by the model are
compared to alternative methods and experimental evidences.
The ﬁrst alternative approach proposed, hereafter labeled as
deteriorating simpliﬁed model (DSM), is non-commercial and ap-
pears to be the most suited to be used in common design. It relies
into a preliminary homogenized limit analysis of the structure, as
recommended in Milani et al. (2006, 2009b), in order to identify
the failure mechanism and in the subsequent FE non linear analysis
of the whole structure assuming that all the non-linearity is con-
centrated on the interfaces deﬁning the failure mechanism. The
analysis is performed through a non-commercial software devel-
oped by the authors and equipped with a standard arc-length algo-
rithm, suitable to follow the drop of the load bearing capacity due0 10 20 30 40 50 60
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Fig. 13. Parabolic arch. Comparison among load–displacement curves or collapse
loads provided by experimentation, limit analysis and non-linear FE code.to hinges deterioration. Six-noded rigid wedge elements intercon-
nected by deformable interfaces are used, in order to adopt the
same mesh utilized for the model proposed. Furthermore, the
adoption of rigid elements seems suitable in this case, since it isFig. 15. Parabolic arch. Degraded interfaces patch for normal stress action (from 0 –
no degradation – to 1 – full degradation) obtained through the non-linear
homogenized FE code proposed.
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Fig. 17. Skew arch. Comparison among load–displacement curves or collapse loads
provided by experimentation, limit analysis and non-linear FE code.
824 G. Milani, A. Tralli / International Journal of Solids and Structures 49 (2012) 808–834commonly accepted that the elastic membrane deformations of
masonry shells are usually small (Fluegge, 1973), and hence
negligible. The interfaces belonging to the failure mechanism are
elasto-plastic with softening and fully two dimensional, obeying
a Lourenço and Rots (1997) non-linear criterion. The utilization
of the same interfaces used at a cell level (see previous Section for
details) is possible only thanks to the limited number of non-linear
interfaces required to perform the analyses. The remaining inter-
faces are assumed as linear elastic. When dealing with the DSM
model, standard non linear Lourenço et al. (1997) interfaces are
utilized on the zones undergoing plasticization into the prelimin-
ary limit analysis phase, hence avoiding any homogenization pro-
cedure. To properly account for the orthotropy of the masonry
material, different mechanical properties are adopted for interfaces
disposed along meridians and parallels. Both linear and non linear
parameters are set equal to those provided at the meso-scale by
the homogenization model. For interfaces inclined with respect
to both meridians and parallels, linear combinations of meridians
and parallels mechanical properties are adopted. As a result,
depending on the orientation of the interfaces, different values of
strength are used.
The advantage in terms of processing time is remarkable only if
the number of non-linear interfaces is small. That occurs always for3 m
0.5 m
5 kN
λP 5 kN
5 kN
3 m
1.25 m
Line Load
Fig. 16. Skew arch. Geometry, loading condition and FE discretization adopted for the
indicated.out-of-plane loaded panels (Milani and Tralli, 2011), which fail sys-
tematically for the formation of well-deﬁned yield lines, whereasnumerical analyses. Non-linear interfaces considered in the DSM model are also
G. Milani, A. Tralli / International Journal of Solids and Structures 49 (2012) 808–834 825for curved shells the convenience may be less evident in some
applications, especially when there is a diffusion of the deteriora-
tion (e.g. for membrane crushing).
The second alternative approach is a non-linear FE analysis con-
ducted by means of the commercial code DIANA (2008). In this
code, the orthotropic continuum macroscopic model originally
presented in Lourenço et al. (1997) is implemented for masonry.
A possible softening behavior both in tension and compression
may be modeled within DIANA. Values adopted for the parameters
deﬁning the DIANA models are chosen with reference to eitherFig. 18. Skew arch. Deformed shapes at peak p
Fig. 19. Skew arch. Degraded interfaces patch (from 0 – no degradation-to 1 – full de
positive normal stress. Bottom: in- and out-of-plane shear damage map.experimental data -if available- or existing numerical literature
dealing with the same examples discussed hereafter (e.g.
Vermeltfoort, 2001 or Creazza et al., 2002).
Finally, where possible, experimental data available in the liter-
ature are considered as reference solution. A detailed comparison
among results provided by the model proposed, alternative DSM,
commercial approach and experimental data allows to have a full
insight into the actual capabilities of the model proposed in the
prediction of collapse loads and deformation capacity of masonry
curved structures.rovided by the proposed non-linear code.
gradation) obtained through the non-linear homogenized FE code proposed. Top:
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The ﬁrst example relies into the load–displacement prediction
of a parabolic arch, experimentally tested by Vermeltfoort
(2001). Since the aim of the present paper is to analyzed 3D struc-
tures under complex loading conditions, the preliminary set of
simulations here summarized on a 1D arch should be considered
only a preliminary test, for which reference solutions exist and
are obtained by consolidated models already available in the tech-
nical literature.
As a matter of fact, several numerical and analytical models,
usually based on limit analysis are available in the literature, both
assuming 1D (see e.g. Lucchesi et al., 1997; Drosopoulos et al.,
2006) and 2D hypotheses (e.g. Audenaert et al., 2008).
The ﬁrst arch tested by Vermeltfoort (2001), the only one for
which a comparison with 1D existing models is possible, is a barrel
rectangular vault with clear span equal to 3 m, an inner radius ofλP
2.3 m
1.15 m
Fig. 20. Ribbed cross vault. Geometry, loading condition and FE discretization adopted for
indicated.2.5 m, width equal to 1.25 m and a sagitta of 0.5 m, see Fig. 12.
The second structure has the same geometry, but presents a so
called ‘‘skew’’ disposition of the supports (i.e. supports are offset
perpendicularly to arch axis of 1.25 m). The offset makes the
behavior strongly tri-dimensional, thus precluding an analysis
with mono-dimensional models. The arches are one-head brick
structures with depth equal to 100 mm. Bricks are assumed of
dimensions 200  100  52 mm3 (Rijswaard soft mud bricks),
whereas joints thickness is equal to 12 mm. Following data re-
ported in Vermeltfoort (2001), experimental bricks compressive
strength is 27 N/mm2, whereas mortar compressive strength is
2.5 N/mm2. Mechanical properties assumed for joints and bricks
are reported in Table 2. Generally, they are taken in agreement
with data available in the literature.
Geometry, loading condition and FE discretization adopted for
the analyses of the parabolic arch are sketched in Fig. 12, where
an indication of the non linear interfaces adopted in the DSM2.3 m
Position of 
concentraded load
0.3 m
Point 1
Point 2
Point 3
the numerical analyses. Non-linear interfaces considered in the DSMmodel are also
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the non linear interfaces is based on the limit analysis results re-
ported in Milani et al. (2009b).0 1 2 3 4 5
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Fig. 21. Ribbed cross vault. Comparison among load–displacement curves or
collapse loads provided by experimentation, limit analysis and non-linear FE code.
Fig. 22. Ribbed cross vault. Deformed shapes at peak provided by theOnly the second concentrated load from the left was increased
by Vermeltfoort (2001) until failure, whereas the remaining loads
were maintained constantly equal to 5 kN.
Mechanical properties assumed in the DIANA (2008) model for
masonry are summarized in Table 3. The reader is referred to
Lourenço et al. (1997) for a comprehensive discussion of mechan-
ical properties adopted, especially for what concerns the inelastic
range.
In Fig. 13, a comparison among experimental collapse load,
DSM, DIANA and present model load-maximum displacement
curves is summarized. Results obtained using a full 3D limit anal-
ysis model ﬁrstly presented in Milani et al. (2009b) are also repre-
sented. Furthermore, for the sake of completeness, in Fig. 14
deformed shape near the collapse provided by the present model
is depicted. As it is possible to note from a comparative analysis
of the results, the numerical models provide basically the same
non linear behavior. Furthermore, deformed shape of the present
model is in good agreement with existing literature, see Ver-
meltfoort (2001) and Milani et al. (2009b) for details.
It is worth noting that, to obtain an effective representation of
the interfaces deterioration for the model proposed, in the post
processing phase of each example only intrados and extrados ﬁbers
deterioration patch is represented. As a matter of fact, from the
knowledge of the ﬁnal jump of displacements and the uniaxial
stress–strain (or analogously displacement) behavior at the
macro-scale of intrados and extrados, there is an univocal relation-
ship between displacement and deterioration level, which allowsproposed non-linear code and detail of the out-of-plane sliding.
828 G. Milani, A. Tralli / International Journal of Solids and Structures 49 (2012) 808–834to identify the zones where normal stress and shear damages
concentrate.
When dealing with the present example, deterioration of the
interfaces for normal stress (see Fig. 15) results mainly concen-
trated under the line of application of two of the external loads.
This indicates that collapse occurs for the formation of a four
hinges mechanism, composed by two geometrical hinges on but-
tresses and two additional material hinges under the variable load
and under a constant load, symmetrically to the variable load. The
hinge in correspondence of the constant 5 kN load is less deﬁned,
but anyway clear from the color patch reported in Fig. 15 and its
formation occurs just before the peak in the load–displacement
curve. The diffusion of the deterioration of the interfaces probably
explains the progressive decrease of stiffness in the load–displace-
ment curve in Fig. 13 immediately before collapse. On the contrary,
the plastic hinge at the intrados, under the line of application of the
variable load, creates at early stages of the loading process, again as
testiﬁed by the curve in Fig. 13, which exhibits a narrow change in
stiffness at around 15 kN. Obviously, the DSMmodel is rather com-
petitive in this case, since very few non linear interfaces are re-
quired to reproduce well the non linear behavior of the arch.
The second numerical simulation is performed on the same par-
abolic arch analyzed previously, but with a so called ‘‘skew’’ dispo-
sition, as illustrated in Fig. 16, obtained offsetting external
supports of 1.25 m. Supports offset allows the arch to fail asym-
metrically under a complex combination of bending and torsion
along yield lines. It is therefore an interesting example to test the
capabilities of the 3D model here presented in presence of com-
bined internal actions.Fig. 23. Ribbed cross vault. Degraded interfaces patch (from 0 -no degradation- to 1 – full
positive normal stress. Bottom: in- and out-of-plane shear damage map.Obviously, in this case, a mono-dimensional analysis would be
not useful and a 3D shell model is necessary to reproduce the tor-
sional behavior of the arch.
No experimental force–displacement curves are at disposal for
the example at hand. From Vermeltfoort (2001), only the experi-
mental collapse load (around 26 kN) is available. When mechanical
properties reported in Table 2 and the mesh depicted in Fig. 16 are
adopted, the load–displacement curve reported in Fig. 17 is ob-
tained. In Fig. 17, the experimental collapse load, the numerical
collapse load provided using the limit analysis code presented in
Milani et al. (2009b) and the load-maximum displacement curves
obtained by means of the DSM and DIANA (2008) models are also
depicted. For the sake of completeness, in Fig. 18 the deformed
shape near the peak provided by the present approach is repre-
sented. As in the previous case, numerical models essentially pro-
vide the same non-linear behavior, as well as the failure
mechanism provided by the model seems in satisfactory agree-
ment with existing literature, Vermeltfoort (2001) and Milani
et al. (2009b). Finally, percentage deterioration patch of interfaces
strength for normal and shear stresses is depicted in Fig. 19. As it is
possible to note, internal dissipation is concentrated not only un-
der the line of application of the external load, but also on a wide
inclined area, mainly for shear actions, thus demonstrating that
failure occurs as a consequence of the limited strength of the arch
in torsion. From a detailed analysis of Fig. 19 seems pretty clear
that, in the model proposed, damage occurring along the inclined
line seems to diffuse. This phenomenon probably explains the
slight overestimation of the carrying capacity obtained with the
DSM model, for which a thick area of non linear inclined interfacesdegradation) obtained through the non-linear homogenized FE code proposed. Top:
60  
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Fig. 25. Hemispherical dome. Comparison among load–displacement curves or
collapse loads provided by experimentation, limit analysis and non-linear FE code.4.2. Cross vault
A ribbed cross vault, experimentally tested by Faccio et al.
(1999), formed by the intersection of two barrel vaults with exter-
nal radius of 2.3 m, is consider as third example, Fig. 20. Common
Italian bricks of dimensions 120  250  55 mm3 were used, with
joints thickness equal to 10 mm. Mechanical properties adopted
for the constituent materials are summarized in Table 1 and, where
possible are taken in agreement with literature data, see for in-
stance Milani et al. (2009a) and Milani et al. (2009b).
The vault is loaded vertically with a concentrated force in-
creased up to collapse and placed eccentrically. Experimental crack
pattern observed includes the formation of three well deﬁned ﬂex-
ural hinges on the ribbed arch near the point of application of the
wall and punching under the loaded area. Numerical results ob-
tained with a macroscopic continuum non-linear model (similar
to that implemented in DIANA (2008) are also available from
Creazza et al. (2000, 2002).λP
2.2 m
Loaded 
area
Fig. 24. Hemispherical dome. Geometry, loading condition and FE discretization adopted for the numerical analyses. Non-linear interfaces considered in the DSM model are
also indicated.
830 G. Milani, A. Tralli / International Journal of Solids and Structures 49 (2012) 808–834In Fig. 21, a comparison among load-maximum displacement
curves provided by a number of different non linear models (pres-
ent approach, DSM, Creazza et al., 2002 and DIANA, 2008 models)
is presented, along with experimental data (force–displacement
curve) and limit analysis collapse load provided in Milani et al.
(2009b). In Fig. 22, the deformed shape at peak provided by the
present model is represented. From a comparison between
Fig. 22 and literature results, Creazza et al. (2002) and Milani
et al. (2009b), it can be argued, similarly to previously analyzedFig. 26. Hemispherical dome. Deformed shapes at p
Fig. 27. Hemispherical dome. Degraded interfaces patch (from 0 – no degradation- to 1 –
Top: positive normal stress. Bottom: in- and out-of-plane shear damage map.arches, that the deformed shape provided by the present model
is rather realistic and in very good agreement with both experi-
mental evidences and alternative expensive non-linear simula-
tions. Interfaces strength deterioration is ﬁnally represented in
Fig. 23 for the sake of completeness.
From an analysis of Figs. 22 and 23, it is particularly evident an
out-of-plane sliding of the elements under the zone of the applica-
tion of the external load, with the formation of bending hinges in
the principal arch of the cross vault.eak provided by the proposed non-linear code.
full degradation) obtained through the non-linear homogenized FE code proposed.
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The fourth example analyzed relies on the prediction of the
force–displacement behavior up to collapse of a hemispherical
dome with inner radius equal to 2.2 m and thickness of 12 cm,
experimentally tested by Foraboschi (2006).
Common Italian bricks of dimensions 120  250  55 mm3
were used to build the small dome, with joints thickness approxi-
mately equal to 10 mm. Mechanical properties assumed for joints
and bricks are reported in Table 1. Again, where available, they
are kept in agreement with literature data available. In Fig. 24,
the geometry, the loading condition and the FE discretization used
in this paper are represented. The dome is loaded until failure by
means of a concentrated vertical increasing load applied at the
top of the structure. A steel plate with dimensions reported in
Fig. 24 is placed between the load and the external loaded surface
in order to diffuse vertical stresses.Top view
2.0 m
2.0 m
Loaded a
Fig. 28. Cloister vault. Geometry, loading condition and FE discretization adopted for th
indicated.In Fig. 25, a comparison among collapse loads and load-maxi-
mum vertical displacement curves provided by a number of differ-
ent models is reported. In particular, apart data obtained using the
present approach and the simpliﬁed DSM model, both a heteroge-
neous and a homogeneous macroscopic approach within DIANA
(2008) are considered as reference curves, as well as experimental
data and limit analysis collapse load from Milani et al. (2009b) are
represented. In Fig. 26, the deformed shape at peak obtained by
means of the model proposed is reported. Considerations similar
to the previous examples can be repeated here. Also in this case,
in fact, a comparison with literature deformed shapes, see Creazza
et al. (2000) and Milani et al. (2009b), shows very convincing anal-
ogies between present model and commercial FEM. Considering
that present simulations are performed at a small fraction of pro-
cessing time needed by commercial FEM in the inelastic range, it
seems reasonable to conclude that the approach proposed may
be considered interesting for practical purposes.P
Lateral view
rea
e numerical analyses. Non-linear interfaces considered in the DSM model are also
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stresses is ﬁnally reported in Fig. 27. As can be noted, there is a dif-
fusion of tensile strength deterioration for almost all the length of
the meridians, essentially due to non-null membrane annular ac-
tions. As a matter of fact, clear openings along meridians can be0 0.5 1 1.5 2 2.5 3
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Fig. 29. Cloister vault. Comparison among load–displacement curves or collapse
loads provided by experimentation, limit analysis and non-linear FE code.
Fig. 30. Cloister vault. Deformed shapes at peakobserved also in the deformed shape. Near the top, a sliding of
the portion immediately under the external load may be observed,
with a rather deﬁned circular ﬂexural hinge near the top.4.4. Cloister vault
The last example relies in the non-linear analysis of a square
cloister vault of plan dimension equal to 2.2  2.2 m2. The struc-
ture is represented in Fig. 28, along with the FE discretization
adopted in the present paper. It was originally tested until collapse
by Foraboschi (2004) and Foraboschi (2006). A standard non-linear
FE simulation is also available from Milani et al. (2009b), where
both a heterogeneous and a macroscopic approach within the com-
mercial software DIANA (2008) is utilized. The vault is loaded until
failure with a concentrated vertical force applied at the top, as
illustrated in Fig. 28. A large steel beam with suitable dimensions
is placed between the concentrated force and the external loaded
surface to preclude premature local punching due to stress
concentration.
In Fig. 29, load-maximum displacement curves provided by
DIANA (2008) models (homogeneous and heterogeneous), experi-
mental and homogenized limit analysis (Milani et al., 2009b) col-
lapse loads, DSM and present approach pushover curve are
represented. In Fig. 30, the deformed shape at peak provided by
the model is represented. As it is possible to notice, collapse is
reached for the formation of ﬂexural cylindrical hinges approxi-
mately at 2/3 of the height of the structure and parallel to the
edges, with a marked out-of-plane sliding of a limited masonryprovided by the proposed non-linear code.
Fig. 31. Cloister vault. Degraded interfaces patch (from 0 – no degradation- to 1 – full degradation) obtained through the non-linear homogenized FE code proposed. Top:
positive normal stress. Bottom: in- and out-of-plane shear damage map.
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of-plane movement of the upper portion, an evident opening arises
at early stages of the loading process on meridians semi-circular
interfaces. From a comparison with literature data on the same
model (see Foraboschi, Foraboschi, 2004, 2006 and Milani et al.,
2009b), it can be also concluded that the deformed shape obtained
is almost identical to those provided in the existing literature.
Damage patches for both shear and normal stress occurring on
the vault at the end of the simulations is ﬁnally represented in
Fig. 31, separately for shear and tensile stress. As in the previous
example, out-of-plane masonry strength is crucial for the overall
behavior of the vault at failure. From an overall analysis of simula-
tions results, again it can be concluded that results provided by the
present approach seem reasonably in agreement with alternative
(expensive) non linear FE simulations performed with commercial
codes available in the market stock. It is therefore authors’ opinion
that the simple model proposed may represent a useful tool for all
practitioners and theoreticians interested in a fast and reliable
analysis of masonry curved structures.
5. Conclusions
A simple two-step 3D model for the evaluation of the non-lin-
ear behavior of masonry double curvature structures has been
presented. In the model, a heterogeneous assemblage of blocks
has been substituted with a macroscopically equivalent homoge-
neous non-linear material. At the meso-scale, a curved running
bond representative element of volume (REV) constituted by acentral block interconnected with its six neighbors was consid-
ered and discretized through of a few six-noded rigid wedge
elements and rectangular interfaces. Non linearity has been
concentrated exclusively on joints reduced to interface, exhibiting
a frictional behavior and limited tensile and compressive strength
with softening. Subsequently, the macroscopic homogenous ma-
sonry behavior has been evaluated on the REV solving suitable
non-linear boundary values problems. The non-linear behavior
so obtained has been then implemented at a structural level in
a novel FE non-linear code, relying on an assemblage of rigid inﬁ-
nitely resistant six-noded wedge elements and non-linear inter-
faces, exhibiting deterioration of the mechanical properties. A
sequential quadratic programming procedure has been used to
solve the incremental problem, approximating the non-linear
behavior of the interfaces with a linear-piecewise constant
function.
The approach proposed follows a well know tradition on this
ﬁeld, which recalls the analysis of discrete systems of rigid bodies
with mass interconnected by non linear interfaces (Kawai, 1978).
As well know, mesh sensitivity of the results is a fundamental
issue when dealing with softening phenomenon. However, this
matter is here less crucial. Indeed, in the model proposed, dissipa-
tion occurs only on interfaces between adjoining elements. When
mesh size tends to zero, internal dissipation occurs on the same
fracture line of the unreﬁned mesh, being fracture line length al-
ways the same (if mesh reﬁnement is obtained sub-dividing fur-
ther an initial coarse mesh). Obviously, since rigid wedge
elements are used to model continuum, the identiﬁcation of the
834 G. Milani, A. Tralli / International Journal of Solids and Structures 49 (2012) 808–834fracture lines depends on the mesh used. Potentially, an unstruc-
tured mesh may lead to inaccuracies in the identiﬁcation of the
failure mechanisms, and thus in an overestimation of the load car-
rying capacity of the shell and in wrong predictions of the load
drop. This aspect is closely related to the fact that dissipation is
concentrated on interfaces, it is experienced also in limit analysis
and still remains in the QP incremental approach proposed. It is
intrinsically connected to the basic advantages of the model (sim-
plicity and easiness of performing pushover analyses) and cannot
be eliminated. A re-meshing procedure based on the non-linear
dissipation level is also possible, similarly to what done for limit
analysis problems.
To assess the numerical model proposed, several numerical
examples have been analyzed, namely two different typologies of
masonry arches (a parabolic vault and an arch in a so-called
‘‘skew’’ disposition), a ribbed cross vault, a hemispherical dome
and a cloister vault. A further model has been also proposed at
structural level (DSM), relying in a preliminary limit analysis to
identify the failure mechanism and in the subsequent discretiza-
tion of the vault through elastic elements and non-linear interfaces
placed only in correspondence of the failure mechanism provided
by limit analysis.
Sufﬁciently reliable predictions of both peak loads and deforma-
tion history have been obtained with both approaches, meaning
that they can be used by practitioners in common design.Acknowledgements
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